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Abstract. Eigenfunction estimates and embedding results are proved for the 
Dunkl harmonic oscillator on the line. These kind of results are generalized 
to operators on R+ of the form P = + sx'^ — 2/i^ + /2, where s > 0, 

and /i and /2 are functions satisfying /2 = cr{a — l)x~'^ ~ fi ~ f[ for some 
a > -1/2. 
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1. Introduction 

The Dunkl operator Tg. on C°°(K), depending on some a > —1/2, is the per- 
turbation of the usual derivative that can be defined by setting To- = ^ on even 
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functions and — ^ + 2cri on odd functions. This kind of operator, more gen- 
erally on M", was introduced by C.F. Dunkl [H [H [TSl [H [H]- It gave rise to 
what is now called Dunkl theory (see the survey article PS^). This area had a big 
development in the last years, mainly due to its applications in Quantum Calogero- 
Moser-Sutherland models (see e.g. [ilSTlISlllSllMlIllIS]). In particular, the Dunkl 
harmonic osciUator [33l [HI |30l [29] is = —T^ + sx"^, depending on s > 0; i.e., it is 
given by using instead of d/dx in the expression of the usual harmonic oscillator 

On the other hand, let pk is the sequence of orthogonal polynomials for the 
measure e~*^ \x\'^"' dx, taken with norm one and positive leading coefficient. Up 
to normalization, these are the generalized Hermite polynomials [SHI P- 380, Prob- 
lem 25]; see also [lOl HH [lH [TTl |33||34] . Let Xk,k < Xk,k-i < ■ ■ ■ < Xk,i denote the 
roots of each pk] in particular, Xk^k/2 is the smallest positive root if k is even. The 

corresponding generalized Hermite functions are (f>k — Pk^^^^ 

It is known that with domain the Schwartz space S — S(R), is essentially 
self-adjoint in i^(R, \x\'^'^ dx). Moreover the spectrum of its self-adjoint extension, 
denoted by C^, consists of the eigenvalues (2fc-|-l-t-2cr)s (fc g N), with corresponding 
eigenfunctions (f)k- 

We show asymptotic estimates of the functions 4>k as fc — c», which are used to 
prove embedding theorems, and these results are extended to other related pertur- 
bations of H. Even though we consider only the Dunkl harmonic oscillator on the 
line to begin with, this work is more difficult than in the case of H, and has some 
new features. It may also give a hint of how to proceed for higher dimension. 

To get uniform estimates, we consider the functions ^k — \x\'^4'k instead of 0^. 
They satisfy the equation £,k+qk£,k = 0, where qk = {2k+l+2a)s—s'^x'^—(JkX~'^ with 
(jfc — (T{a— (—1)'"'). Let Ik = q~^{M.+) (the oscillation region), which is of the form: 
{-bk, -ttk) U (ofc, bk) if o-fc > (for k > 0), (-6fe, bk) if CTfc = 0, or {-bk, 0) U (0, bk) 
if (Tfc < 0, where bk > a-k > with bk G 0(fc^/^) and ak & 0(k~^/'^) as fc — )• oo. 
If (jfc > 0, then set Jk — Ik- When (7^ < and k is large enough, the equation 
qk{b) — 47r/6^ has two positive solutions, bk^+ < bk,-, with bk,+ G 0(fc^^/^). Then 
set Jk = {-bk, -bk,+] U [bk,+, bk)- 

Theorem 1.1. There exist C,C',C" > 0, depending on a and s, such that, for 
k > 1: 

(i) ^lix) < C/^Jqk{x) for all x e Jk ; 

(ii) if k is odd or a > 0, then £_l{x) < C'k-^/^ for all x ; and 

(iii) if k is even and a < 0, then S^f.{x) < C"k^^^^ 'if \x\ ^ Xk,k/2- 

In the case of Theorem II. 11 - (iii). the estimate of cannot be extended to M\ {0} 
because these functions are unbounded near zero. Therefore some condition of the 
type |x| > Xk,k/2 must be assumed; the meaning of this condition is clarified by 
pointing out that Xk.k/2 & 0{k~^/^) as fc — > oo. This weakness is complemented by 
the following result. 

Theorem 1.2. Suppose that ct < 0. There exist C" > 0, depending on a and s, 
such that (j^kix) < C" for all k even and all x € R. 

The following theorem asserts that the type of asymptotic estimates of Theo- 
rem [TTT]-(ii), (iii) are optimal. 
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Theorem 1.3. There exist C'-^^\C'^^^ > 0, depending on a and s, such that, for 
k > 1; 

(i) max,eK^2(^) > (.(iv) ,^-i/6 . 

(ii) if k is even and a <0, then max|3.|>2. 

To prove Theorems I1.1H1.31 we apply the method that Bonan-Clark have used 
with H [4 . The estimates are satisfied by the functions instead of (f>k because 
the method can be appHed to the conjugation Kcr = \x\°'La- This method has 
two steps: first, it estimates the distance from any point x in an osciUation region to 
some root Xk,i, and, second, the value of £,l{x) is estimated by using \x — Xk,i\- These 
computations for K^- become much more involved than in [4]; indeed, several cases 
are considered separately, some of them with significant differences; for instance, 
some roots Xk,i may not be in the oscillation region Ik, and the functions ^fc may 
not be bounded, as we said. 

The asymptotic distribution of the roots x^^i as fc — >■ oo also has a well known 
measure theoretic interpretation [301 IMl SO]; specially, the generalized Hermite 
polynomials are considered in [321 Section 4]. However the weak convergence of 
measures considered in those publications does not seem to give the asymptotic 
approximation of the roots needed in the first step. 

For each to € N, let 5™ be the Banach space of functions (j> e C""(]R.) with 
sup^lx^cj)^^^ {x)\ < oo for z + j < m; thus S = Plm with the corresponding 
Frechet topology. On the other hand, for each real to > 0, let 14^™ be the version 
of the Sobolev space obtained as Hilbert space completion of S with respect to the 
scalar product defined by {(j),tp)iY^ = ((1 + >Ccr)'"^i', '!/')(ti where ( , denotes the 
scalar product of L^(K, jxp'^ dx). Let also = f]^ with the corresponding 
Frechet topology. The subindex ev/odd is added to any space of functions on R 
to indicate its subspace of even/odd functions. The following embedding theorems 
are proved; the second one is a version of the Sobolev embedding theorem. 



M„ 



A! 

Theorem 1.4. For each to > 0, '^^v/od'd^"'''' ^CTcv/odd continuously if to' G N, 
m' — m > 1/2, and 

_ .^ + ^ M ([o-l + 3) + H j/ o- > and to' is even 

-^»^m' ev/odd A ^ 7 / ■ 

' if a < U ana to is even , 

- [cr] ( [cr] + 3) + [cr] if cr > Q and to' is odd 
if a < and to' is odd , 

- [cr] ( [cr] + 3) + [ct] if cr >{) and to' is odd 
if cr < Q and to' is odd . 

Theorem 1.5. For all m e N, C 5™ continuously if 

f4+i[r7]([r7] +1) ifa>Q 
m' -m> { 21 IMl / 

[4 i/cr<0. 

Moreover W^^^ C continuously if a < and m' > 2 . 

Corollary 1.6. S = as Frechet spaces. 

In other words, CoroUarv Il .61 states that an element (p G L^(M, \x\'^"' dx) is in S if 
and only if the "Fourier coefficients" ((/>, (j)k)(7 are rapidly decreasing on k. This also 
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means that S = P|„j2?(£™) {S is the smooth core of Ca [Z]) because the sequence 
of eigenvalues of £0- is in 0(fc) as fc — > 00. 

We introduce a perturbed version 5™ of every S"^ , whose definition involves To- 
instead of ^ and is inspired by the estimates of Theorems 11.11 and 11.21 They satisfy 
much simpler embedding results: 5™ C VF™ rn' — m > 1/2, and W™ C 5™ if 
m! — m > 1. The proof of the second embedding uses the estimates of Theorems ll.il 
and 11.21 Even though S = f]^S^, the inclusion relations between the spaces 5™ 
and iS™ are complicated, which motivates the complexity of Theorems II .41 and 11.51 

Next, we consider other perturbations of H on R+. Let Scv,u denote the space 
of restrictions of even Schwartz functions to some open set U, and set 4'k,u = (f'klu- 
The notation Scv,+ and 4'k,+ is used if U = 

Theorem 1.7. Let 

P-ii-V^i^h (1) 

where fi G C^{U) and /2 G C{U) for some open subset U C M+ of full Lebesgue 
measure. Assume ttiat 

f2 = a{a - l)x-^ - fl - f{ (2) 

for some a > —1/2. Let 

h = x^e-^' , (3) 

where Fi G C'^[U) is a primitive 0//1. Then the following properties hold: 

(i) P, with domain hScv.u, is essentially self-adjoint in L^(K_|_, e^"^^ dx); 
ill) the spectrum of its self- adjoint extension, denoted by V , consists of the 

eigenvalues (4fc + 1 + 2(7)s (fc G N) with multiplicity one and normalized 

eigenf unctions V2 h(l)2k,u i o,nd 
(iii) the smooth core of V is hScv,u- 

This theorem follows by showing that the stated condition on /i and /2 charac- 
terizes the cases where P can be obtained by the following process: first, restricting 
La- to even functions, then restricting to U, and finally conjugating by h. The 
term of P with ^ can be removed by conjugation with the product of a positive 
function, obtaining the operator H + a{a — l)x^^. 

Several examples of such type of operator P are given. For instance, we get the 
following. 

Corollary 1.8. Let P = H — 2cix^^-^ -\- C2X^^ for some ci,C2 G M. // there is 
some a G M such that 

a2 + (2ci-l)a-C2=0, (4) 
a ■.= a + ci> -1/2 , (5) 

then: 

(i) P, with domain x"' Sev,+, is essentially self-adjoint in L'^ , x'^'^^ dx); 

(ii) the spectrum of its self- adjoint extension, denoted by V, consists of the 
eigenvalues (4fc + 1 + 2a)s [k G N) with multiplicity one and normalized 
eigenfunctions y/2x°'4)2k,+ 7 o^nd 

(iii) the smooth core ofV is x"" Scv,+ - 

In CoroUarv 11.81 for some ci,C2 G M, there are two values of a satisfying the 
stated condition, obtaining two different self-adjoint operators defined by P in 
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different Hilbert spaces. For instance, the Dunkl harmonic oscihator may define 
self-adjoint operators even when a < —1/2. 

Corollary 11.81 will be applied in [T] to prove a new type of Morse inequalities on 
strata of compact stratifications [37l [26l [41] with adapted metrics [H HI [27l [28l [5] , 
where Witten's perturbation |42| is used for the minimal/maximal ideal boundary 
conditions (i.b.c.) [7] of de Rham complex. It will be a continuation of the type of 
analysis on non-complete Riemannian manifolds began by J. Cheeger [SI [9]. The 
type of Morse functions on strata considered in [1^ may not extend to the ambient 
stratification; thus they are different from the functions considered by M. Goresky 
and R. MacPherson [2T] . 

More precisely, consider a cone c{L) whose link is a compact stratification L. 
For any stratum N of L, we have a corresponding stratum M — N x R+ of c{L), 
and let p be the function on M defined by the second factor projection. The 
study of our version of Morse functions boils down to the case of this stratum 
M with the function ±^p^ and an adapted metric of the form g — p^g + dp^, 
where g is an adapted metric on N. The corresponding Witten's perturbation 
of the de Rham differential operator d is dg — e^P 1"^ de^^ 1"^ (s > 0). Let As 
denote the corresponding Witten's perturbed Laplacian on M, and let A be the 
Laplacian on N . According to [Hll^, A defines a self-adjoint operator with discrete 
spectrum in the Hilbert space of l? differential forms on N . By using its spectral 
decomposition, A^ splits into sum differential operators whose Laplacians can be 
reduced to operators of the type considered in Corollary 11.81 The two possible 
choices of a in CoroUarv 11.81 will give rise to the minimal/ maximal i.b.c. of d^. In 
this way. Corollary [L8] provides the local analysis needed to show the desired Morse 
inequalities. 

Acknowledgment. Part of this research was made during the visit of the first au- 
thor to the Centre de Recerca Matematica (CRM) during the research program 
"Fohations" , in April- July, 2010. 

2. Preliminaries 
Most of the contents of this section are taken or adapted from |33j . 

2.1. Dunkl operator. Recall that, for any (p S C°° = C°°(M), there is some 
tp £ C°° such that (j){x) — 0(0) — x4>{x), which also satisfies 

^^"'''{x) = / f"0("+i)(ia:)rft (6) 
Jq 

for all m e N (see e.g. [23l Theorem 1.1.9]). The notation ip = x^^cp is used. 

The Dunkl operator, in the case of dimension one, is the differential-difference 
operator T„ on C°°, depending on a parameter tr S R, defined by 

(Ta-(pj{x) = (j) [x] + 2(7 . 

X 

It can be considered as a perturbation of the derivative operator 

Consider the decomposition C°° — ® C*^^ , as direct sum of subspaces of even 
and odd functions. The matrix expressions of operators on C°° will be considered 
with respect to this decomposition. The operator of multiplication by a function h 
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will be denoted also by h. We can write 



d f ^\ fO X 

ax 



^ dx 



/ rfx Vo 



on C°°. With 



we have 



cr 

-a 



[r„a;] = l + 2E, (7) 
r^E + ST„ = a;E + Sa;==0. (8) 

Consider the perturbed factorial mlo- of each m € N, which is inductively defined 
by setting 0!^ = 1, and 

[m — l)\am if m is even 

{m — l)\„{m -\- 2a) if m is odd 



,1 = 



for m > 0. Observe that m}.^ > if cr > —1/2, which will be the case of our interest; 
otherwise, mla may be < 0. For k < m, even when kl^r — 0, the quotient m\^/k\a- 
can be understood as the product of the factors from the definition of ml^ which 
are not included in the definition of k\^. For any e C°° and m e N, we have 

(7^r'/')(0) = ^</'('")(0). (9) 
m! 

This equality follows by ^ and induction on m. 

2.2. Dunkl harmonic oscillator. Recall that, for dimension one, the harmonic 
oscillator, and the annihilation and creation operators are 

TT d"^ ^ ^ , d .. d 

H = — — + s-^x^ , A = sx + — , A' ^ sx - — 
dx^ dx dx 

on C°°. By using instead of d/dx, we get a perturbations of H, A and A' called 
Dunkl harmonic oscillator, and Dunkl annihilation and creation operators: 

i = -r2 + ,sV=i/-2af" 
B ^ sx + T„ = A + 2(j ' 



B' ^ sx-T„^ A' - 2a 





x-^ 




By Q and 



L = BB' - (1 + 2E).s = B'B + (1 + 2S)s = \{BB' + B' B) , (10) 

[L, B] = -2sB , [L, B'] = 2sB' , (11) 

[S, B'] = 2,5(1 + 2E), (12) 

[L,E] = BE + EB = B'S + = . (13) 
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Recall also that the Schwartz space S = S{R) is the space of functions 4> G 
such that 

110115'"= SUp|xV«(x)| 

X 

is finite for all m G N (including zercQ)- This defines a sequence of norms || \\s"^ on 
S, which is endowed with the corresponding Frechet topology. The Banach space 
completion of S with respect to each norm || ||5r,. will be denoted by 5™. We have 
gm+i c^^continuousl}!!, and^^flm^™. Let us remark that 110' Us- < H^b^+i 
for all m. 

The above decomposition of C°° can be restricted to each 5™ and S, giving 
5™ = 5™ 5™^ and S — Scv © Sodd- The matrix expressions of operators on S 
will be considered with respect to this decomposition. For G C^, tp = x~^'ij} and 
i,j € N, it follows from (jH]) that 

Jo yeR 



for all X G M. Thus H^AH^m < |10|ls">+i for all m G N, obtaining that 5odd = xS( 



cv 



^odd ~^ restricts to a continuous operator x^-^ : 5odd — >■ Sev 
Therefore x : 5c v — >■ ^odd is an isomorphism of Frechet spaces, and Ta, B, B' and 
L define continuous operators on S. 

Let ( , )cr and |1 denote the scalar product and norm of L'^{M., \x\'^'^ dx). As- 
sume from now on that a > —1/2, and therefore 5 is a dense subset of _L^(R, \x\'^"' dx). 
In iy^(M, \x\'^°' dx), with domain S, —Ta- is adjoint of To-, B' is adjoint of B, and 
L is essentially self-adjoint. The self-adjoint extension of L, with domain S, will 
be denoted by C, or C^r- Its spectrum consists of the eigenvalues {2k -I- 1 -I- 2a)s 
{k G N). The corresponding normalized eigenfunctions (jjk are inductively defined 

by 

00 = s(2-+i)/4r(^ ^ ^^2)-i/2e— V2 ^ (14) 
' (2fcs)-i/2S'0fc_i if k is even 



for fc > 1. We also have 



(2(fc + 2(7)s)-^^^B'(j)k-i if fc is odd 



(15) 

(16) 
(17) 



2.3. Generalized Hermite polynomials. From p4)) . p5|) and the definition of 
_B', it follows that the functions 0fc are the generalized Hermite functions (pk — 




k-l 



if fc is even 



(2(fc + 2cr)s)i/20fe_i if fc is odd 
for fc > 1. These assertions follow from (fT0l)-(IT3l) like in the case of H. 



We adopt the convention G N. 
^Let X and Y be topological vector spaces. It is said that X GY continuously if X is a linear 
subspace of Y and the inclusion map X ^ Y is continuous. 
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Pke~'^^ ' , where pk is the sequence of polynomials inductively defined by 



_ j2a+l}/4 



r{<j + i/2)-^/\ (f8) 

^ U'2ks)~^/'^{2sxpk-i - T^Pk-i) if k is even 

^'^ " \(2(fc + 2a)s)-i/2(2sa;pfe_i if fc is odd , 

for fc > 1. Up to normalization, these are the generalized Hermite polynomials; i.e., 
the orthogonal polynomials associated with the measure |a;p'^e~'"^ dx P- 380, 
Problem 25]. Each pk is of precise degree fc, even/odd if fc is even/odd, and with 
positive leading coefficient, denoted by 7fc. By (fTOl) . 



We also have 



^ J fc-i/2(2s)i/27fe_i if fc is even 

|(fc + 2a)-i/2(2s)i/2^fe_i if fc is odd. ^ ^ 



T.po = , (21) 

{(2fcs)^/^j3fe_i if fc is even 

(2(fc + 2a)5)i/2p,_, if fc is odd. ^ ^ 

The following recursion formula follows directly from (fT9|) and p2p : 

^ ffc-i/2((25)i/2^Pfe_i-(fc-l + 2a)i/2p,_2) if fc is even 

\(fc + 2f7)-l/2((2s)V22;p,_i-(fc_l)l/2p^_2) if fc is odd . ^ ' 

We have Pfc(O) = if and only if fc is odd, and p'j.(0) = if and only if fc is even. 
By (|23|) and induction on fc, 



if fc is even. When fc is odd, by (1^^ and 



(T Vn\ I n(fe-i)/2 / (fc + 2c7)(fc-2 + 2a)--.(l + 2a)2g 

[T.Pkm = i-iy ^ (fc-i)(fc-3)...2 



obtaining 



(-l)(fe-i)/2 (fc + 2a)(fc-2 + 2a).. .(1 + 2^)2. 
^^(°^= 1 + 2. V (fc-l)(fc-3)...2 ^° ^2') 

by (111). From (|23)) and by induction on fc, we also get 



1 , / (fc- l)(fc-3)-- -(^ + 2)2.5 

if fc is odc0. 

The following assertions come from the general theory of orthogonal polynomials 
[551 Chapter III] . All zeros of each polynomial pk are real and of multiplicity one. 
Each open interval between consecutive zeros of pk contains exactly one zero of 
Pk+i, and at least one zero of every pi with £ > k. Moreover pk has exactly [fc/2j 



■^As a convention, the product of an empty set of factors is 1. Thus (fc — l)(fc — 3) ■ ■ ■ + 2) = 1 
for £ = fc — 1 in l|26|l . Similarly, l|24|l and l|25|l also hold for fc = and fc = 1, respectively. 
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positive zeros and [fc/2j negative zeros. The zeros of each pk wiU be denoted 
Xk,i > Xk,2 > ■ ■ ■ > Xk,k- On each interval {xk,i+i,Xk,i)^ the function pk+i/pk is 
strictly increasing, and satisfies 

Pk+i{x) 
nni — — — = ^oo . 

x^x±^ Pk(x) 

For every polynomial p of degree < fc — 1, we have 

/oo ^ 
p'it)\t\^'^e-^''dt-Y,pU^) (27) 
e=o 

for all a; e M. The Gauss- Jacobi formula states that there are A^^i, Xk,2, ■ ■ ■ , Xk,k G R 
such that, for any polynomial p of degree < 2fc — 1, 

/oo ^ 
Ixl'^e-'^"' dx = Y,p{xk,^)Xk,^ ■ (28) 
i=l 

Lemma 2.1. W^e have 

I 2s i/ fc is even 



P'k {Xk,i)Xk,'. 



2s/(l + 2cr) ifk is odd. 



Proof. This is a direct adaptation of the proof of [4^ Corollary 3] . With 

PkPk-i 
P = — , 

the formula (^51) becomes 

= p'k{^k,i)Pk-l{xk,i)Xk,i , 

lk-1 

and the resuh follows from (gHll-dlSI)- □ 

3. Estimates of the generalized Hermite functions 

To get uniform estimates of the functions 0^, they are multiplied by Ixj*^, ob- 
taining eigenfunctions of another perturbation of H. 

3.1. Second perturbation of H. Now, consider the perturbed derivative. 



dx 



- ax-' 



and the perturbed harmonic oscillator 

K ^ \x\^ Llxl-" = -El + s^x^ = 
defined on 



H + a{a-l)x-'^ 

H + (7{a + l)x-^ ' ' 



|a;r5==|xr5ev®|xr5odd. 
According to Sections [2?2] and [2?3l and since : L'^(R,\x\'^'' dx) L'^{R, dx) is a 
unitary isomorphism, if is essentially self-adjoint in L'^{M.,dx), and the spectrum 
of its self-adjoint extension, denoted by /C, or IC„, consists of the eigenvalues {2k + 
1 + 2<7)s (fc e N) of multiplicity one, and corresponding normalized eigenfunctions 

6 = kr0fc=Pfcixre-^^'/2. 
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Each is C°° on R \ {0}, and it is C°° on M if and only if e N. If cr > or 
k is odd, then is defined and continuous on R, and ^fe(O) =0. If cr < and k is 
even, then is only defined on M \ {0}; in fact, by (1^^ . 

lim ^k{x) = {-l)''/^oo. 

By (Ell) and 

ek-{p'k + {^~^x)pk)\xre-^^'f' (29) 

_ j{V2k^Pk-i + (f - sx)pk) Ixl'^e-"^^/'^ if k is even 

^ I {^2{k + 2(7)spk-i - (f + l^re-^^'/^ if k is odd 

^ f ((sa; + f )pfc - V2(fc + l + 2g)ipfc+i) |a;|'^e-^-'/2 ^ ^^^^ 
\ {{sx - f K - V2(fc + l)spfc+i) |xre-^-'/2 if fc is odd . 

By ^ and 

(0 if cr > 1 or cr = 

±Pfc(0) if a = 1 

±(-l)''/"^oo if < cr < 1 



if k is even, 



^ip(-l)'=/2oo if-l/2<cr<0 



if cr > 

(-l)('=-i)/2oo if-l/2<(7<0 



if k is odd, and 



if k is odd or cr = or cr> 1/2 
if k is even and cr — 1/2 
if k is even and < cr < 1/2 
_=Foo if A; is even and —1/2 < cr < 



By m, 



_ \sx+^- y%k + T+2a)s if k is even 

a ~ 1 - 2 - ^/2(A:+ l)s ' if A: is odd 



(30) 



lim (a4)(x) = <! if A is even and.. 1/2 ^^^^ 

a;^o± ±oo if k is even and < cr < 1/2 



(32) 



which generalizes a formula of |22| for the Hermite functions. 
For the sake of simplicity, let 

Each satisfies 

^fc + qk^k - , (33) 

where 

qk = (2fc + 1 + 2cr)s — s^x^ ~ (Tfea;~^ . 
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— OO 


if 




> 





oo 


if 




< 


0, 


±00 


if 




> 





=Foo 


if 




< 


. 



3.2. Description of qk- The following elementary analysis of the fmictions qk will 
be used in Sections 13.31 and lOl If k is even, then (jfc = if cr G {0, 1}, and (Tfc < 
if < CT < 1, and (Jk > otherwise. When k is odd, we have o-^ = if ti = 0, and 
(TCTfc > if fj 7^ 0. Each qk is defined and smooth on R just when ak = 0, otherwise 
it is defined and smooth only on M \ {0}. Moreover qk is even and 

q'k = ~2s'^x + 2d-kX^^ . 

Observe that 

lim qk{x) -00 , lim qk{x) = 

x—^±ao x^O 

lim q'kix) = TOO , lim q'^(x) = 

We have the following cases for the zeros of q'f.: 

• If (7/c > 0, then q^, has two zeros, which are 

At these points, qk reaches its maximum, which equals CmaxS for 

Cmax = 2fc + 1 + 2(T - 2y/Wk ■ 

Notice that, in this case, Cmax = if /c = and a = —1/8, Cmax < ii k — 
and —1/2 < a < —1/8, and Cmax > otherwise. 

• If ak — 0, then has one zero, which is 0, where qk reaches its maximum 
CmaxS as abovc with Cmax ~ 2k + 1 + 2a > 0. 

• If a-fe < 0, then > on and q^. < on M+. 
We have the following possibilities for the zeros of qk : 

• If (Tfe > and Cmax > 0, then qk has four zeros, which are 



±ak = ±1 



' 2fc + 1 + 2(7 - y/{2k + 1 + 2cr)2 - 4o-fc 



2s 



±bk = J^k + l + 2.+ ^i2k + l + 2a)^-4ak ^3^^ 
V 2s 

• If (7fc > and c,nax = 0, or ak < 0, then qk has two zeros, ±bk, defined 
by il. 

• If (7fe > and Cmax < 0, then qk < 0. 
If qk has four zeros, ±ak and ±&fe, then 

S(&fe - flfc)^ = Cmax , (35) 



and 

obtaining 
as fc — >■ 00. 



2sa 



2 



4crfc 



2fc + 1 + 2(7 + ^{2k+ 1 + 2(7)2 _ 4^^ 

Qk e 0(fc~i/2) (35) 
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If qk has at least two zeros, ±6fc, then 



for £ < k, obtaining 
as fc — >■ CXI, and 



^{2k + 1 + 2a)2 - 45fc + y/{2£ + 1 + 2a)2 - Aae 

bk+i - bk e 0(fc"i/2) (37) 



bk-be>C{k~i)k-^/^ (38) 

for some C > if A: and £ are large enough. If (Xfe =0, then = Cmax- 

Like in [4] , the maximal open intervals where qk is defined and > (respectively, 
< 0) will be called oscillation (respectively, non-oscillation) intervals of ^k] this 
terminology is justified by Lemma 13.11 bellow. We have the following possibilities 
for the oscillation intervals: 

• If CTfc > and Cmax > 0, then has two oscillation intervals, {ak,bk) and 
{~bk,-ak), containing ccmax and -Xmax, respectively. 

• If (Tfe > and Cmax < 0, then has no oscillation intervals. 

• If (Tfe < 0, then ^k has two oscillation intervals, {—bk,0) and (0,6^). 

• If (Tfc = 0, then ^fc has one oscillation interval, {—bk, bk)- 

3.3. Location of the zeros of and In R \ {0}, the functions S^k and pk 
have the same zeros. Then and have no common zeros by (|29p . The functions 
and have no zeros in R \ {0}, and the two zeros ±X2,i of ^2 are in R \ {0}. 

Lemma 3.1. On R\ {0}.- 

(i) the zeros o/^^ belong to the oscillation intervals of^k! 

(ii) if k is odd ora>0, the zeros of ^k belong to the oscillation intervals of S^k', 
and 

(iii) if k is even and cr < 0, the zeros of ^k, possibly except ±Xk^k/2! belong to 
the oscillation intervals of ^k ■ 

Proof. It is enough to consider the zeros in R_|_ because £,k is either even or odd. 
We can also assume that (,k^k has zeros on R+, otherwise there is nothing to prove. 

Let a;* and x* denote the minimum and maximum of the zeros of ^fcCfc in 
By dMD, 

on the non-oscillation intervals, and therefore ^kC'k strictly increasing on those 
intervals. In particular, since £,kCk is strictly increasing on {bk, 00) and {£,k£.'k){^) ~^ 
as a; — 00, it follows that x* < bk- This shows the statement when there is 
one oscillation interval of the form {—bk,bk). So it remains to consider the case 
where there is an oscillation interval of £^k in R+ of the form {ak,bk)- This holds 
when k is odd and cr > 0, fc = and a E (—1/8,0) U (l,oo), or fc £ 2Z+ and 
o- e (-1/2, 0)U (1,00). 

If k is odd and cr > 0, or fc is even and a g (1, 00), then a;, > Ok because £,k^'k is 
strictly increasing on (0,0^) and {£,k£.'k){^) — > as x — ?> 0+ by ([3T|). 

Finally, assume that k E 2Z+ and cr G (—1/2,0). Then the above arguments do 
not work because (CfcCfc)(^) — >■ — 00 as a; — > 0+ by (PT|) . Let / be the function on R+ 
defined by f{x) = sx + ^. We have f{x) —00 as a; — )■ O"*", and /' = s — ^ > 
on R+. Moreover ^ —a j s is the unique zero of / in R+. 
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If Xr is a zero of then ^fe (and pk as well) has no zeros in [— x», a;*]. Therefore 
is the unique zero oi pk+i in this interval. So pk+i/pk > on (0, x*]. Since 

= fix,) ~ y2(fcTTT2^^^±i^ 

by ((32| . it follows that > 0, obtaining > ^ ~a j s. But 



2 _ 2fc + 1 + 2cr - i/(2/c + 1)2 + 8(fc+ l)cr (T 

Is s 

because fc > 1, obtaining > ak- 

If X, is a zero of (i-e-, a;* = Xk,k/2), then the other positive zeros of ^k£,'k are 
> afc because this function is strictly increasing on (0,afc). □ 

In the case of Lemma l3.H -fiii). the zero ±Xk^k/2 oi may be in an oscillation 
interval, in a non-oscilation intervals or in their common boundary point. For 
instance, for k — 2, 



P2 




by (Uni), obtaining 



Moreover 



So 



l + 2cr 
2s 



5 + 2(7 - \/25 + 24(7 
2^ 



-4 + V25 + 24(7 
a;2a - 02 = — 



2s 

and therefore cr > —3/8 if and only if X2,i > a2- So (02, 62) contains no zero of ^2 
when (7 g (—1/2,-3/8]. For fc > 2, every oscillation interval of contains some 
zero of ^fe by Lemma |3. II 

Lemma 3.2. There exist C'o,Ci,C2 > 0, depending on a, such that, if k > C'o and 
I is any oscillation interval of ^k, then there is some subinterval J d I so that: 
(i) for every x d J, there exists some zero Xk.i of in I such that 

\X - Xk.il < 



Vqkix) 

(ii) each connected component of I \ J is of length < C2k^^^^. 

Proof. According to Section 13. 2[ for any c > with cs E qk{I), the set Ic ~ 
I Qk ([cs, 00)) is a subinterval of J, whose boundary in / is / H (cs). 

Claim 1. If length(/c) > 27r/^/cs, then each boundary point of Ic in / satisfies the 
condition of (i) with Xk.i G Ic and Ci = 27r. 

Let fc be the function on R defined by fc{x) = sm{^/csx), whose zeros are 
Itt/ y/cs for ^ G Z. Since fc+csfc = and cs < qk on Ic, the zeros of ^fe in Ic separate 
the zeros of fc in Ic by Sturm's comparison theorem. If length(/c) > 2TT/y/cs, then 
each boundary point x of Ic is at a distance < ^ixj ^fcs of two consecutive zeros of 
fc in /c, and there is some zero of ^fc between them, which shows Claim [T] because 
qk{x) = cs. 
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Now we have to analyze each type of osciUation interval separately, corresponding 
to the possibilities for and Cmax- When there are two oscillation intervals of ^fc, 
it is enough to consider only the oscillation interval contained in R_|_ because the 
function is either even or odd. 

The first type of oscillation interval is of the form / — (ofe, bk), which corresponds 
to the conditions ct^ > and Cmax > 0. We have cs G qk{I) when < c < Cmax- 
Then q^^{cs) consists of the points 



' 2fc + 1 + 2(7 - c - ^[2k + 1 + 2cr - c)2 - 4CTfc 



2.S 



/ 2fc + 1 + 2a - c + ^(2fc + 1 + 2a - c)2 - 4(7fe 
±&.,c = ±y 2^ , (39) 

and we get Ic = [ak,c, ^fc,c]- Since 

s[bk,c - ak,cT = Cmax " c , (40) 

we have length(/c) > lnj ^/cs if and only if c(cmax — c) > 47r2, which means that 
Cmax > 47r and c_ < c < c+ for 



Cmax i Cmax 167r^ 

= 2 • 

Since Cmax G 0(fc) as fc — > oo, there is some Co > 0, depending on ct, such that 
Cmax > 47r for all fc > Cq. Assuming fc > Co, let afc^± = afc^c± and 6fc,± = &fc,c±, 
which satisfy 

flfc < a-k- < ak,+ < bk,+ < bk - < bk ■ 

Fix any a; G / and let Qkix) — cs. First, x G [afc^_,afc _|_] U [6fc,+,&fc,-] if and 
only if length(/c) > 2TT/y/cs, and in this case x satisfies the condition of (i) with 
Xk,i G Ic and Ci = 27r by Claim [T] Second, if a; G {ak,ak,-) U {bk,-,bk), then 
length(/c) < 27r/i/cs, /c D /c_ , and we already know that Ic_ contains some zero 
of ^fc. Hence x also satisfies the condition of (i) with Ci = 27r. And third, if 
X G {ak,+,bk,+), then 

,2 IStt^ 327r2 327r2 

S(Ofc,+ - afc,+ ) = Cmax - C+ = C_ = < < 

C+ Cmax C 

by (|40l) . obtaining 

, , ^ , 4y27r 
length(/e^) < . 

V cs 

Since /c C Ic_^ and it is already proved that Ic^ contains some zero of (^k , it follows 
that X also satisfies the condition of (i) with Ci = 4\/2vr. Summarizing, (i) holds 
in this case with J — I and Ci = 4V27r if Cmax > 47r. In this case, (ii) is obvious 
because J = I. 

The second type of oscillation interval is of the form / = (0, 6fc), which corre- 
sponds to the condition ak < 0. Now, cs G qk{I) for any c > 0, the set (cs) 
consists of the points ibk,c, defined like in ([M]). and we have Ic = {0,bk,c]- The 
equality cs — qki^n / ^/cs) holds when 

(2fc + 1 + 2af - Auk - 167r2 > (41) 
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and c is 

P 2fc + 1 + 2(7 ± J(2k + 1 + 2cr)2 - 4CTfc - 167r2 
•^i = 2^ ^ ■ 

Assuming (|4ip . we have length(/c) > 2t\ j ^fcs if and only if c_ < c < c+. Let 
&fc,± = &fc,c±, satisfying < &fc,+ < < 6fe. 

Fix any x € / and let gfc(a;) = cs. First, x G , &fc.-] if and only if length(/c) > 
27^1 y/cs] in this satisfies the condition of (i) with x^^i G Ic and Ci = 27r 

by Claim [TJ And second, if x G {bk,-,bk), then length(/c) < 2n/ y/cs, Ic D /c_j 
and we already know that Ic_ contains some zero of ^fc. Hence x also satisfies the 
condition of (i) with Ci = 2tt. So, when (|4T|) is true, (i) holds with J ~ [bk.+ ,bk) 
and Ci = 27r. 

Notice that c+ G 0(/c) as /c — > oo. Then there are some Co, C2 > 0, depending on 
cr, such that, if A: > Cq, then (|4T]l holds and sbf. ^ = Att'^/c^ < C2k^^, showing (ii) 
in this case. 

The third and final type of oscillation interval is / = (— fe^, 6fe), which corresponds 
to the condition ak = 0. We have cs S qk{I) when < c < Cmax- Then 5^7^(05) 
consists of the points ±bk,c, defined like in ([5^ . and we get Ic — [—bk,c, ^fc,c]- Since 

■S^Lc = Cmax " C , (42) 

we have length(/c) > 2tx j ^fcs if and only if c(cinax — c) > tt^, which means that 
Cmax ^ and c_ < c < c+ for 

Cmax i 'v/Cmax ~ ^TT^ 

= 2 • 

Since Cmax G 0(fc) as fc — > oo, there is some Co > 0, depending on ct, such that 
Cmax ^ 47r for all fc > Co- Assuming fc > Cq, let = bk.c±, which satisfy 
< bk^+ < bk- < bk- 

Fix any x I and let qk{x) — cs. First, bk,+ < \x\ < bk^- if and only if 
length(/c) > 2-K I ^fcs-, in this satisfies the condition of (i) with Xk^i € Ic and 

Ci = 27r by Claim [H Second, if \x\ > bk,-, then length(/c) < 27r/-y/cs, Ic D /c_, 
and we already know that Ic_ contains some zero of ^j.. Hence x also satisfies the 
condition of (i) with Ci = 27r. And third, if < bk,+, then 



sbl j_ = Cmax - C+ = C_ = < < 



4^ < 



length(J,+ ) < 



by dH]), obtaining 



/cs 

Since Ic C /c_|_ and it is already proved that Ic^ contains some zero of ^k , it follows 
that X also satisfies the condition of (i) with Ci = \/2tt. Summarizing, (i) holds 
in this case with J = I and Ci — 2tt. In this case, (ii) is also obvious because 
J = /. □ 

Lemma 3.3. There exist Cq,C'i,C2 > 0, depending on a and s, such that, if 
k > Cq and I is any oscillation interval of ^k, then there is some subinterval J' d I 
so that: 

(i) qk > C[k^/^ on J'; and 

(ii) each connected component of I\J' is of length < C^^k^^^^. 
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Proof. We use the notation of the proof of Lemma 13^21 The same type of argument 
can be used for aU types of osciUation intervals. Thus, e.g., suppose that / is of the 
type (0, bk). Since € 0(fc^/^) as fc — oo, we have b'f. — bk — k~^^^ G / for fc large 
enough, and 

Qk{b',) = ~s\k-'/' - 2bkk-'/') - Aakiibk - k-'/'y' - bf) e 0{k^'^) 
as A: — )• oo. So there are Cq, C( > 0, depending on a and s, such that b'^, G / and 
c' = qkib'k) > C[k^/^ for k > C'^. Then (i) and (h) hold with J' = I^' = (0, b'^]. □ 

Corollary 3.4. There exist Cq , C'{ > 0, depending on a and s, such that, ifk > Cq 
and I is any oscillation interval of S^k, then, for each x € I, there exists some zero 
^k,i of ^k in I so that 

\x-XkA<C"^k-^^'' ■ 

Proof. With the notation of Lemmas l3.2l and l3.3[ let Cq = max{Co,Cg} and = 
max{C2,C2}- Assume k > Cq and consider the subinterval J" = J C] J' C I. 
By Lemmas 13.21 -fii) and I3.3l -(ii). each connected component of / \ J" is of length 
< Cjfc"^/^. Then, for each x £ I, there is some x" G J" such that \x - x"\ < 
C2k~^/^ . By Lemmas 13. 21 fi) and l3.31 fi). there is some zero x^ i of S,k in I such that 

\x"-x,,\= <-gLfc^V6 



Hence 

\x - xkA < (c'i + Ci/v/c[)fc-i/6 . □ 

3.4. Estimates of ^fc. 

Lemma 3.5. Let I be an oscillation interval of ^k, let x € I and let Xk,i be a zero 
of Cfc in I . Then 

I 8s I ^ _ 2;^, j I if k is even 

8s 



ekix) < 



3(i+2tT) 1^ ~ ifk is odd. 



Proof. We can assume that there are no zeros of S,k between x and Xk,i. For the 
sake of simplicity, suppose also that Xk,i < x and > on {xk,i, x); the other cases 
are analogous. The key observation of [4] is that then the graph of S,k on [xkA, x] is 
concave down, and therefore 

1 r 

7:£.kix){x - XkA) < / ik{t)dt. 

By Schwartz's inequality and (|28l) . it follows that 

1.. ^. .Wf r PUt)\t\ 



^Ux)ix - Xk,^) j <\J .)2 I / it-Xk,^Ydt 




= v'k {xk,i)\k,i 

o 

and the result follows by Lemma 12.11 □ 

With the notation of Lemma [X^ for each k > Cq, let Ik denote the union of the 
oscillation intervals of ^k, and let Jk C Ik denote the union of the corresponding 
subintervals J defined in the proof of Lemma 13.21 More precisely: 

• if ak > and Cmax > 0, then Jk = 4 = (-Ofc, -bk) U {ak,bk); 
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• if CTfe < 0, then h = {-bk,0) U (0,6fc) and Jk = {-bk,-bk^+] U [bk,+ ,bk); 
and 

• if d-k = 0, then Jk = h = {-bk, bk). 

If /c < Co, we also use the notation Jk = Ik for the union of the oscillation intervals, 
which may be empty if there are no oscillation intervals. 

Proof of Theorem Part (i) follows from Lemmas 13.21 and 13.51 

In any case, ^^(a;) — >■ as a; — > oo. If moreover k is odd or cr > 0, then 
is continuous on M. Thus is bounded and reaches its maximum at some point 
i € R. Since ^fe(O) = (if ak 7^ 0) or G /fc (if &k = 0), it follows from Lemma lO 
that X € Ik- Then (ii) follows by Corollary 13.41 and Lemma 13.51 

If k is even and ct < 0, then ^k is not defined at and C|(a;) — ?> 00 as a; — >■ 0. 
So we can only conclude as above that the restriction of to the set defined by 
l^;] > Xk,k/2 is bounded, and reaches its maximum at some point x of this set. Then 
a; € /fc by Lemma [3TT1 and therefore (iii) holds by Corollary [33] and Lemma l375l □ 



Consider the case cr < and k even, when Theorem 11.11 does not provide any 
estimate of ^| around zero. According to Section [231 the function p\{x) on the 
region \x\ < Xk.k/2 reaches its maximum at a: = 0, and moreover (0) < pg by ()24|) . 
Hence 0^(a:) < Pq for |a:| < Xk^k/2i which complements Theorem 1 1 . iK iii) . On the 
other hand, (t)1{x) < £,l{x) for |a:| < 1. Moreover Xk,k/2 < 1 for A: large enough by 
Corollary 13.41 since — as A: — 00. So Theorem 11.21 follows from Theorem 11.11 
(iii). 

The following lemmas will be used in the proof of Theorem 11.31 
Lemma 3.6. There is some F > such that, for k > I and x > bk+i, 

Proof. Let xq £ {xk,i,bk) such that Cki^o) ~ 0. Since 

J Xo 

and ^^(x) < for a; > bk, we get 




qk{t)^k{t) dt>0 



for X > bk- Because ^k{x) > for x > xq, qk(x) > iov xq < x < bk and qk(x) < 
for X > bk, it follows that 



/ qk{Mk{t)dt>- / qk{t)ik{t)dt 



(43) 
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According to Corollary 13.41 and Theorem ll.H -(ii).(iii). for k > Cq and with 
C^maxjCC"}, we get 



J Xo 

= (7^/2^-1/12 ^(^2k + 1 + 2cr)s{bk - Xo) 
< (7i/2fc-i/i2 (^(2fc + 1 + 2a)sCrfc-i/6 



Since 



3 ' * ' 1 ' ' ' hk{hk-C'(k-y^) 
< Ci/2yfc-i/i2 (^(2fc + 1 + 2a)sCrfc-i/6 

- Cl'62,fc-i/6 _ cf 6fcfc-i/3 - ^11-^ 

\ak\C'{k-^/^ 
bk{hk~C'{k-y^) 

2k + l + 2a ~ sb'). 



2 ^ ^fc 
56? ' 



there is some Fq > Q such that 

qkmk{t)dt<Fok^l^^ (44) 

for all /c e N. 

On the other hand, 

j^X f-X 

qk{t)^k{t)dt>-^k{x) / qk{t)dt. 



With the substitution u ~ t — bk, we get 



qkit) = -s^u{u + 26fc) + - crfc(u + 



giving 



CTfe 



-a (a;) / gfeWdi = 6(a;)( -(a;-6fc)•^ + 6fc(x-6fc)- 



> U^) [s%k{x - bkf - - bk) - \ok\ 
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for X > bk+i- By ([37|). it follows that there is some Fi > such that 

<7fe(t)Cfe(t) dt > Fi^k{x)k^'^{x - bkf (45) 
for all k and x > bk+i- Now the result follows from (|43)) - p5)) . □ 



Lemma 3.7. For each e > 0, there is some G > such that, for all k ^N, 

k-l 

max > £f(x) < 

Proof. Take any a; e M such that \x - Xfe^l < ek^'^/^. By CoroUarv l3.4[ 

\x~bk\ < \x ^ Xk.il + \xk.i ~ bk\ < (e + C^A:^'/' (46) 

for k > Cq. In particular, 6fe < a; if fc is large enough. With this assumption, let 
^0,^1, -^2 & N satisfying < £q < £i < ^2 — 1, where £0 and £1 will be determined 
later, and £2 is the maximum of the naturals £ < k with bgr < x for all £' < £. Let 



f±{t) = y/2t + l + 2a±l 

for i > 1. We have 

±{2£+l + 2(7) + l + ae 



f±{^)-V~sbi^2- 



{2£+l + 2a±2- y/{2£ + 1 + 2a)2 - Aae) (/± {£) + y^be) 

for £ £ Z+. So, assuming that k is large enough, we can fix £q, independently of k 
and X, so that 

f-i£)<V~sbi<f+i£) 
for all £> £0- Wc have /+(^i) < /-(^2) because £1 < £2 — 1- Moreover observe that 

/;(<) = (2(t + i + a))-i/2>o, 

/^(t) = -(2(i+l + a))-3/2<0 
for alH > 1. Then, by Lemma 



1^0 



{x - biY - ^ {b,, - 6,)4 



(/-(£2)-/+(^))4 - ^ ^ (/-(£2)-/+(t)) 



After integrating by parts four times, we get 



t-^/'^dt ^ £^^''' f'+^\£i) , 5£-"/V;"'(^i) 



.0 (/-(^2)-/+(t))4 - 3(/_(£2)-/+(4))3 36(/_(^2)-/+(^i))2 

, 55^-^^/V;-^(4) , 935 23/6 ,,-4.,., 
+ 216(/-(f2)-/+(4)) ^T^^^ ^+ (^l)H/-(^2)) 



+ f^in(/_(^2)) / i-^^/vr'(t)rfi. 



^0 
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Therefore, since f'^{t) e 0(t^^/^) as t — >■ cxd, there exists some Gi > 0, independent 
of k and x, such that 



'1/3 /,-5/6 
1 I <-l 



(/-(^2)-/+(4))3 (/-(^2)-/+(^l)) 



2 



-4/3 



1 



-^-"/^ln(/_(^2))+ln(/_(^2)) 



/-(^2)-/+(4) 
We have 

^r"/^ln(/_(^2))+ln(/-(4)) <4^' 

for fc large enough. Then Efc'^'C'(^) lias an upper bound of the type of the 
statement if £i satisfies 

^-/^ ^-/^ 1 ./a 



if-ih) - f+ihW' (/-(^2) - f+itlW ' /-(^2) - 

On the other hand, according to Theorem II . 11 - fii) . (iii) . 



<rr- (47) 



where (7 = max{C", C"}. Then (2;) has an upper bound of the type of the 

statement if 

^5/6 _ ^5/6 ^ ^^^1/6 

for some G2 > 0, independent of k and a;, which is equivalent to 

h > £2(1 - G2£2^^^y^^ . (48) 
Thus we must check the compatibility of (|47|) with (|48l) for some -^i and G2. By 



2/3 

and since, for each G2, (5 > 0, we have G2^2 ^ ^2 ^ ^ large enough, we can 



replace (j47|) with 

(/_(£2)-/+(^l))3 ' (/_(£2)-/+(^l))2 ' 

f-ii2)-U{il) J - ' 

for some S > 0, which is equivalent to 

^i<^(v/2(^2+a)-^^(l-4^+y) -1-a 

for 

(a, fe) e {(-1/6, -2/15), (-1/2, -1/2), (-3/2, -8/5)} . 
Thus the compatibility of (|T7|) with (1151) holds if there is some G2,(5 > such that 

^2(1 - G2^2"^/^)'/' < I (^y2(^7T^- £«(1 - e-'^y^- 2- a, 
which is equivalent to 



G2 > ^2^' ( 1 - ( 2 ( V 2(1 + '^^2^') - C (1 - 4' ) ) - (2 + ^)i2' 
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There is some G2 > satisfying this condition because the I'Hospital rule shows 
that, for S smaU enough, each function 

i^/^ (1 - (I (^v/2(l + ^t-i) - t^-Hl - ' - (2 + ^)*"')'^') 

is convergent in M as i 00. 

Now, if £2 < ^ ~ I7 let £3 denote the minimum integer £ < k such that bi' > x 
for all i' > £. Also, let &inin/ina.x denote the minimum/maximum values of ag for 
£ e N. Then 



^ 2(^3 - 1) + 1 + 2a + V(2(^3 - 1 ) + 1 + 2a)2 + 4a,„in ^ ^ 



2s 



< 

obtaining 

2(^3 - ^2) - 4 



'2(^2 + 1) + 1 + 2g + v/(2(^2 + !) + ! + 2af + 4g„ 

2s 



< v/(2(^2 + l) + l + 2a)2+4an,ax - v/(2(^3-l) + l + 2a)2+4a„ 
If ^3 > ^2 + 1, it follows that 

(2(^2 + 1) + 1 + 2a)2 + 4(7^ax > (2(4 - 1) + 1 + 2f7)2 + 4CT^i„ , 

giving 



2V'Tmax - a,„i„ > V(2(4 + !) + ! + 2c7)2 - (2(4 - 1) + 1 + 2a)2 

> 2(4 - 4) - 4 . 

Therefore X^fc^a+i '^^(^) upper bound of the type of the statement by The- 

orem [TTT]-(ii),(iii). 
Let 

h{t) = (2t + 1 + 2(t)s - s^x^ - g-maxa;"^ 
for i > 0. According to Theorem II. 11 - fi). if £3 < fc — 1, then 

fc-1 fc-1 fe-1 „fe_i , 

= g(y^fc3T) - < g^2(fc - 1 - 4) . 

Hence J2i=i +1 ^£ (2^) ^l^o has an upper bound like in the statement because, by (p8| , ([33 
and (|46|) , there is some G3 , 6*4 > such that 

Gsik - 1 - 4)fc"'/' < ?^fc-i - bi^ < bk^i ~x< Gik-^'^ . □ 

Proof of Theorem\r^ By 



^\X-Xk,lj p'f^ {Xk,l) \k,l 
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Thus, by ^ and Lemma EIZl 



\x-Xk,i\<ek-^/o \X-Xksj p',^{xk,l)\k,l 



dx 



fc-1 



</ ^Q{x)dx <2ek-^/^ max ^Q{x) <2eG 

J\x~Xk.i\<<ik-^"' ^ |a;-a:fc,i|<£fc-i/6 ^ 

for any e > 0. It follows that 



L 



£i(£Ly \f--" ,,>i ,49) 

\x-Xk.i\>ek-'>-/B \X - Xk,l J p',^ {Xk,l) Xk,l 2 

when e < which implies part (i) by Lemma |2. II 

When k is even and a < 0, either < Xk.k/2 < Qfc or \xk^k/2 — Ofcl < C"fc^^/^ 
for k large enough according to Corollary 13.41 Moreover \xk,i ~ hk\ < C"/c~^/^ 
for /c large enough by CoroUarv 13.41 as well. So, by ([36]) and (|35|) . there are some 
Co, Ci > 0, independent of /c, such that 

^fc,fc/2 < afc + c;'fc-i/6 < , 

:^fc,i - a;fc,fc/2 > &fc - afc - 2C'ik~^l^ = ^^-2C'ik-^l^ > Ck^l^ 

On the other hand, by (|24p . there is some C2 > 0, independent of fc, such that 
Cfc(a:) < C2 Ixp'^ for < Xk^k/2- Therefore 



( ^2^7 ^/ \^\ dx 

x\<XkM/2y^ ~ ^^^1 (^kJ-Xk^k/2) J\x\<X^,^k^2 

2C2x2fc7/2 ^ 2C2Cg-+^ ^ 2C2Cg-+^ 



(2a + - 2:^,^/2)2 " (2,7 + l)Cf {2a + l)Cf 

This inequality and (|49p imply part (ii). □ 

4. Perturbed Schwartz space 

We introduce a perturbed version of 5. It will be shown that So- — S after 
all, but the relevance of this new definition to study L will become clear in the 
next section; in particular, the norms used to define will be appropriate to show 
embedding results, like a version of the Sobolev embedding theorem. Since must 
contain the functions (f>k. Theorems 11.11 and 11.21 indicate that different definitions 
must be given for a > and a < 0. 

When cr > 0, for any £ C°° and to e N, let 

Uhs.^ J2 snp\xr\x'n^{x)\. (50) 

This defines a norm || H^™ on the linear space of functions e C°° with < 00, 

and let 5™ denote the corresponding Banach space completion. There is a canonical 
inclusion c 5™, and the perturbed Schwartz space is defined as = Hm '^o"' 

endowed with the corresponding Frechet topology. In particular, Sq is the usual 
Schwartz space S. Like in the case of 5, there are direct sum decompositions into 
subspaces of even and odd functions, 5™ = S^^^ (B S^^^^^ for each to £ N, and 

S(7 — Scr^cv ffi '^CT^odd- 
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When cr < 0, the spaces of even and odd functions are considered separately. 
Let 

i-hj^fn, i+J oven 



+ sup|xrix'(r»(x)i (51) 

i+j<; 

for e , and let 



i-\-j<ni, odd ^^'^ 



E 



i+j<'m, even 



sup|a;na;^(ri<^)(a;)| 

x=£0 



+ sup|x*(ri0)(x)| (52) 

i+j<rn, odd 

for e C^j. These expressions define a norm || Hg™ on the linear spaces of 
functions (f) in C"^^ and with H^Hs™ < oo. The corresponding Banach space 
completions will be denoted by S^^^^ and 5™;,^. Let 5™ = 5™^^ © ^^^^j^, which is 
also a Banach space by considering e.g. the norm, also denoted by || \\s^, defined 
by the maximum of the norms on both components. There are canonical inclusions 
gm+i ^ gm^ g^j^jj _ Pi^jS™^ endowed with the corresponding Frechet topol- 

ogy We have Sa = Sa,ev © 5a,odd for Sa,cv = flm ^^,ev and 5^,odd = flm '5™odd- 

From these definitions, it easily follows that Sa consists of functions which are 
C°° on R\ {0} but a priori possibly not even defined at zero, and S™ C°° is dense 
in 5™ for all m; thus Sa n C°° is dense in Sa- 

Obviously, E defines a bounded operator on each 5™. It is also easy to see that 
Ta defines a bounded operator 5™+^ — >■ S™ for any to; notice that, when a < 0, 
the role played by the parity of i + j fits well to prove this property. Similarly, x 
defines a bounded operator 5™+^ — > 5™ for any m because 



I jTl ^ if j is even 

[(j + 2S])ri-i if J is odd 

by © and dSl). So B and B' define bounded operators S^+^ 5™ too, and L 
defines a bounded operator 5™+^ — 5™. Therefore Ta, x, E, B, i?' and L define 
continuous operators on Sa- 
in order to prove Theorems 11.41 and II. 5[ we introduce an intermediate weakly 
perturbed Schwartz space S^.a- Like Sa, it is defined as a Frechet space of the form 
Sw.a — r\m^wa' where each 5™^. is the Banach space defined like 5™ by using 
^ instead of Ta in the right hand sides of ([50)) ~ (l5^ : in particular, 5° a — ^a a^s 
Banach spaces. The notation || will be used for the norm of S™^. As before, 

Sw,a consists of functions which are C°° on R \ {0} but a priori possibly not even 
defined at zero, Sw,a H C°° is dense in S^.a, there is a canonical decomposition 
SwM = Sw,a,cv®Sw,a.odd givcn by the subspaces of even and odd functions, and ^ 
and X define bounded operators on 5™+^ — )• 5™^.. Thus ^ and x define continuous 
operators on S^.a- 

Lemma 4.1. If a- >0, then 5"'+^°^^ C 5™^. continuously for all m. 
Proof. Let (/) Cz S- For all i and j, we have 

Ixl" x'(j)^^\x) < x'+^-'U^^Hx) 
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for \x\ > 1, and 



for \x\ < 1. So 



for all 



< 



□ 



Lemma 4.2. If c > 0, then 5™^. C 5™ continuously for all m, where 

m' = TO+l + i[cr]([cr] +1) 



Proof. Let e S^.a- For all i and j, 



'(t>^^\x) 



< X 



(53) 



for I a; I > 1. It remains to prove an inequality of this type for |x| < 1, which is the 
only difhcult part of the proof. It will be a consequence of the following assertion. 

Claim 2. For each n G N, there are finite families of real numbers, cJJ^, ^ and 
e"„, where the indices a, b, k, u and v run in finite subsets of N with b,£,v < 



Mr, 



n{n+l) 



and k > n, such that 



(j){x 



for aU </> e C°°. 

Assuming that Claim [2] is true, the proof can be completed as follows. Let 
<j) G 5^,CT and set n— \a~\. For |x| < 1, according to Claim [21 



+ ^K,j2max|iV^(i)| 

U,V ~^ 

<Ei<''ik^''^w| + EK,^ii' 



2J 



^|<j2max|tr|</.('^)(t) 



Let m, i, J € N with i + j < to. By applying the above inequality to the function 
xV^"''' J and expressing each derivative (x^ c/)^^^ )^^^ as a linear combination of functions 
of the form a;^^^'') withp+g < i+j+r, it follows that there is some C > 1, depending 
only on a and to, such that 



'(t>^^\x) 



for |x| < 1. By (IMI) and ([54] 



<C| 



(54) 



with to' = TO + M„ 
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Now, let us prove Claim [2] By induction on n and using integration by parts, it 
is easy to prove that 



(55) 



This shows directly Claim [2] for n e {0,1}. Proceeding by induction, let n > 1 
and assume that Claim [2] holds for ?i — 1 . By (155]) , it is enough to find appropriate 
expressions of x^(j)^^\x) for < r < n. For that purpose, apply Claim [5] for n — 1 
to each function t/)*^''-' , and multiply the resulting equality by x"^ to get 

a;>W(a;) = ^ c;'^ia;'^+>('-+^) (1) + ^ d^-ix'^+*'-0(''+^)(a;) 

a.b k,i 

where a, 6, k, £, u and v run in finite subsets of N with b,i,v < Af„_i and k > n~l; 
thus r + k > n and 

r + b,r + e,r + v <n-l + M^-i = Af„ - 1 . 

Therefore it only remains to rise the exponent of i by a unit in the integrals of the 
last sum. Once more, integration by parts makes the job: 





'\x) 






x'4> 











Lemma 4.3. If <j < 0, then C 5™ continuously for all m. 

Proof. Let i,j G N such that i+ j < m. Since 

'■^\x)\ ifO<|x|<l 
^(j)'^i\x)\ if|x|>l. 

for any (j) € C°°, we get H^Hs™ < ll^ll^j'+i- 
Lemma 4.4. If a <{), then 5™+^ C 5™^. continuously for all m. 

Proof. This is proved by induction on m. We have || jj^o ^ = || II50 on C^. On the 
other hand, for (p e and ^ — x^^(t> & C^, we get 



□ 



\xrmx)\ < 



\'ipix)\ ifO<|x|<l 
|0(x)| if|x|>l. 



So, by dSD, 

|1(/)|U^,^ <max{|l</)|Uo,|lV|U"}<ll</'ll5i • 

Now, assume that m > and the result holds for m — 1. Let i,j € N such that 
i + j < m, and let (j) g Sev If i — and j is odd, then e 5odd. Thus there is 
some ip G iSev such that cj)^^^ = xtp, obtaining 



< 



IV^a;)! ifO<|a;|<l 
\(t)^^\x)\ if|a;|>l. 
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U i + j is odd and i > 0, then 



< 



\x'''^(j)^^\x)\ ifO<|a;|<l 
if bl > 1 . 



Hence, by (O, there is some C > 0, independent of (p, such that 

< Cniax{||0||5™,||V||so} < Cmax{||0||5™,||0(-'')||5i} <CMs^+^ ■ 

Finahy, let (/) G 5odd- There is some € Scv such that </> = xip. If i is even and 
j = 0, then 

'|x»V(a;)| ifO<|a;|<l 
if |a;| > 1 . 



|xnxV(x)| < 



If i + J is even and j > 0, then 



'<l)^^\x) 



< 



if < bl < 1 



|a;«+i^O)(a;)| + j |-j;|<T I a;* 0" " 1 ) (a;) I if |a;| > 1 



because 



dxi 



,x 



J 



dxi-^ 

Therefore, by ^ and the induction hypothesis, there are some C", C" > 0, inde- 
pendent of (j), such that 

Corollary 4.5. S ~ S^.a as Frechet spaces. 
Corollary 4.6. x^^ defines a bounded operator ^ 

2+^\aM\a]+3) if a > 
4 ifa<0 



Sw.a,cv: where 



rn 
m 



Proof. If (T > 0, the composite 

m+2+i[(Tl([o-l+3) 
ii;,tT,odd ^odd 

is bounded by Lemmas 14.31 and 14.41 If cr < 0, the composite 



-? Ocv 



om+4 
u;,o",odd 



cr?j.+3 
'-'odd 



w,a,cv ' 



is bounded by Lemmas 14.11 and 14.21 

Corollary 4.7. x^^ defines a continuous operator ^ odd 



□ 



Lemma 4.8. S 



M„ 



M„ 



v/odd 



,a;ev/odd C '5™^v/odd contmiiOMs;?/ /or aZ/ m, 



_j3^ + fH(M+3) tf(J>Oand 



So, 



where 



m IS even 



5 m 
2 



M„ 



,odd 



5m-t-3 



if a < and m is even , 

*/ ^ and m is oc 
if a < and m is odd , 

*/ ^ and m is odd 
if a < and m is odd . 



2^ + ^ H ([crl +3) «/ CT > and m is odd 

5m— 3 



+ ^ [c^l (H +3) ifa>Oandm is odd 
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Proof. The result follows by induction on m. The statement is true for m = 
because S*^ ^ = as Banach spaces. Now, take any to > 0, and assume that the 
result holds for m — 1 . 

For (j> e C^, i + j < ni with j > and a; G M, we have 

\x'Tlcl,{x)\ = Ix'T^VWl , 

obtaining 

ms'j^<\\<f>'\\s--^ + \msz,,^- 

But, by the induction hypothesis and since A/„i,cv — Mm-i.odd + 1, there are some 
C, C > 0, independent of (f>, such that 

< C ||(/)'|| M,„_i.„dd < C" II0II M,„,cv . 

For (p £ C^j, and i, j and x as above, we have 

\x'Tl<j>{x)\ < |a;*T^-V(a;)| +2|ct| \x'T;l''^x-^(l){x)\ , 

obtaining 

But, by the induction hypothesis. Corollary I4.6[ and since 

/M„_i,ev + 2 + i[fTl(H +3) ifa>0 

[M,„_1^0V+4 lfCT<0, 

there are some C, C > 0, independent of 0, such that 

W\\s^-.+2\a\ \\x-'cl>\\s--^ < C(||0'||^M,„_,,„ + lla^-Vll^M^-i.ev) 

<C'||^|| . □ 

Corollary 4.9. C 5^ continuously. 

5. Perturbed Sobolev spaces 

Observe that iSo- C L'^{R,\x\'^°' dx). Like in the case where S is considered as 
domain, it is easy to check that, in L^(M, jx^'^dx), with domain Sa, B is adjoint 
of B' and L is symmetric. 

Lemma 5.1. S„ is a cor^ of C. 

Proof Let R denote the restriction of L to S^r- Then £ C ^ C i?* C £* = £ in 
L2(M, Ixl'^" dx) because 5 C 5^ by Corollaries and SH □ 

For each m € N, let W"^ be the Hilbert space completion of S with respect to 
the scalar product ( , defined by 

The corresponding norm will be denoted by || Hvy™, whose equivalence class is inde- 
pendent of the parameter s used to define L. In particular, = L^(]R, \x\'^'^ dx). 
As usual, W^' C when m' > m, and let = Hm which is endowed 
with the induced Frechet topology. Once more, there are direct sum decompositions 
into subspaces of even and odd (generalized) functions, = W^^^ © W^™odd ^^'^ 

■ cr,odd ■ 



^Recall that a core of a closed densely defined operator T between Hilbert spaces is any 
subspace of its domain 'D{T) which is dense with the graph norm. 
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According to Lemma 15.11 the space W™ can be defined for any real number m 
by using (1 + Z!)™, and moreover Scr can be used instead of S in its definition. 

Obviously, L defines a bounded operator VF™"''^ — VF™ for each m > 0, and 
therefore a continuous operator on W^. Moreover, by ([13]), S defines a bounded 
operator on each W™, and therefore a continuous operators on W^. 

Lemma 5.2. B and B' define bounded operators W^^^ -> for each m. 

Proof. This follows by induction on m. For m = 0, by (|10p . for each (p S, 

\\Bm = \\B'm = {B'B^, 0), = {{L - (1 + 2I])s)0, 0), < Co Ufw^ 

for some Cq > independent of (j). It follows that B and B' define bounded 
operators L'^{R, \x\'^"' dx). 

Now take m > and assume that there are some Cm-i, Cm-i > so that 

for aU (j)eS. Then, by ([TT|). 

= (1 - 2s) ||i?</)|P^,,„-i + (i?L0,i?0),^™-i 

< (1 - 2s) + P'^llv^,"-- 

< C™_i((l - 2s) ||0|p^„-, + 1101k™) 

for some Cm > independent of 0. Similarly, 

for some > independent of (j>. □ 

Remark 1. i?' is not adjoint of S in for m > 0. 

L and S preserve W™^^ and VK™^^^ for each m, whilst B and B' interchange 
these subspaces. 

The motivation of our tour through perturbed Schwartz spaces is the following 
embedding results; the second one is a version of the Sobolev embedding theorem. 

Proposition 5.3. 5™ C VF^" continuously if m' — m > 1/2. 

Proposition 5.4. C 5™ continuously i/m' — m > 1. 

Corollary 5.5. Sa — as Frechet spaces. 

For each non-commutative polynomial p (of two variables, X and Y), let p' 
denote the non-commutative polynomial obtained by reversing the order of the 
variables in p; e.g., if piX,Y) = X^Y^X, then p'iX,Y) = XY^X^. It will be 
said that p is symmetric if p(X,Y) — p'{Y,X). Notice that any non-commutative 
polynomial of the form p'{Y, X)p{X, Y) is symmetric. Given any non-commutative 
polynomial p, the continuous operators p{B,B') and p'{B',B) on are adjoint 
from each other in L^(R, jx^'^cia:); thus p{B,B') is a symmetric operator if p is 
symmetric. The following lemma will be used in the proof of Proposition l5.3l 
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Lemma 5.6. For each non-negative integer m, we have 

il + Lr=J2q'^{B',B)qa{B,B') 

a 

for some finite family of homogeneous non- commutative polynomials Qa of degree 
< m. 

Proof. The result follows easily from the following assertions. 

Claim 3. If m is even, then L™ — gm{B, B')^ for some symmetric homogeneous 
non-commutative polynomial gm of degree m. 

Claim 4. If m is odd, then 

L"'^g'^^,iB',B)g„,,,iB,B')+g'„^,iB',B)g,^,2iB,B') 

for some homogeneous non-commutative polynomials gm,i and 5m, 2 of degree m. 

If m is even, then L™/^ = g„i{B,B') for some symmetric homogeneous non- 
commutative polynomial g„i of degree < m by (fTO|) . So L™ = gm{B, B')^, showing 
Claim O 

If m is odd, then write lL"/2J = f^{B,B') as above for some symmetric homo- 
geneous non-commutative polynomial f„i of degree < m — 1. Then, by ()10|) . 

- \ fm{B, B'){BB' + B'B)f^{B, B') . 
Thus Claim |4] follows with 

gm,i{B,B') = ^B'f„,{B,B') , g„,,2{B, B') ^ ^ Bf,4B, B') . □ 

Proof of Proposition \5.3\ when a > 0. By the definitions of B and B' , for each non- 
commutative polynomial p of degree < to' (of three variables), there exists some 
Cp > such that {x]"' \p{x, B, B')(j)\ is uniformly bounded by Cp for all 

e 5^. Write 

{l + Lr^ya'^iB\B)qa{B,B') 



according to Lemma 15. 6[ and let 

qa{x,B,B')^x"''-^qa{B,B') 

Then, for each (f> Cz Sa, 

urw^ = Y.h'^(B,B')m 



I \{qa{B,B')cl,){x)\'\x\'''dx 



< 



2 E (^l + dx^ II 



where the integral is finite because — 2(to' — to) < — 1. □ 

Proof of Proposition 1 5. 3\ when a < 0. Now, for each homogeneous non-commutative 
polynomial p of degree d < m', there is some Cp > such that: 

• \p{x, B, B')(t)\ is uniformly bounded by Cp H^H^™' for all e Sa,cv if is 
even, and by Cp H'/'ILm' for all (j> £ 5^,0(1(1 if d is odd; and 
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• Ix]"' \p{x, B, B')(f>\ is uniformly bounded by Cp for all (j) G ^o-^odd 

if d is even, and by Cp \\4>\\s"^' 4* ^ Sa-,cv if d is odd. 

With the notation of Lemma 15.61 let da denote the degree of each homogenous 
non-commutative polynomial ga, and let qa{x^ B') be defined like in the previous 
case. Then, as above, 



< 



a with da even ^ 1 ' 

+ 2 (^l + r ^-'("'-"^ dx) II 



2 



2 



a with da odd 

for G Sa,cv, and 
11011?.™ < 2 E (Cl+ Cl I ^-^C"'-™) ) II0III 



2 E ("c^^ + Cl p ^r-^C™'-") da;") II 

" ■""^1^ da even ^1 ' 

V (cl fx^^dx + Cl II 



2 

1 5,, 



, with da odd 



for (/) € 5cr^ov, where the integrals are finite because — 1/2<(T<0 and — 2(m'— m) < 
-1. ' □ 

Let C denote the space of rapidly decreasing sequences of real numbers. Recall 
that a sequence c = (cfc) G is rapidly decreasing if 

||c||c,„ =sup|cfe|(l + A;)™ 

k 

is finite for all to > 0. These expressions define norms || ||c„ on C Let Cm denote 
the completion of C with respect to 1 1 1 1 c„ , which consists of the sequences c € 
with ||c||c„ < oo. SoC — C\^C„i with the induced Frechet topology. Also, for each 
TO > 0, let £m denote the Hilbert space completion of C with respect to the scalar 
product { , )i2 defined by 



fc 

for c ~ (cfe) and c' — (cj,). The corresponding norm will be denoted by || 11^2^. Thus 
£m is a weighted version of £'^; in particular, £q = £'^. Let £'^ = {~\m^'rn with the 
corresponding Frechet topology. 

A sequence c = (cfc) will be called even/odd if Cfc = for all odd/even k. We get 
the following direct sum decompositions into subspaces of even and odd sequences: 

Cjyi — ^^m,cv O ^m,odd ; C Cqv ® ^odd ; 

P"^ — f"^ ffi P"^ P"^ — f"^ ffi P'^ 

^m.cv ^ ^m,odd i ^oo ^oo,cv ^ ^oo.odd ' 

Lemma 5.7. ^ and Cm' C £m continuously for all m if 2m' — to > 1. 
Proof. It is easy to see that 

|c||c„ < ||c||,|^^ , ||c||,.„ < ||c||c,„,(E(l + fc)"~'""'^' 

^ k 

for any c G C, where the last series is convergent because m — 2m' < — 1. □ 



EIGENFUNCTION ESTIMATES AND EMBEDDING THEOREMS 



31 



Corollary 5.8. = C as Frechet spaces. 

According to Section [221 the "Fourier coefficients" mapping (f> i-> {{<j)k,<j))a) de- 
fines a quasi-isometry — for all m, and therefore an isomorphism — ?► C 
of Frechet espaces. Notice that the "Fourier coefficients" mapping can be restricted 
to the even and odd subspaces. 

Corollary 5.9. Any (j) G L^(IR, dx) is in So- if and only if its "Fourier coeffi- 
cients" {(j)k,<f>)a are rapidly degreasing on k. 

Proof. By Corollarv l5.5l the "Fourier coefficients" mapping defines an isomorphism 
Sa ^ C oi Frechet spaces. □ 

There is also a version of the Rellich theorem stated as follows. 

Proposition 5.10. The operator ^ is compact for m' > m. 

By using the "Fourier coefficients" mapping, Proposition 15.101 follows from the 
following lemma (see e.g. [32l Theorem 5.8]). 

Lemma 5.11. The operator i"^, ^ is compact for m' > m,. 

Proof of Proposition \5.4] For (f> ^ So-, its "Fourier coefficients" Cfe — {4>k,4')a- form 
a sequence c = (c^) in C, and 

Icfel (1 + fc)™/^ < llcll,^, ( ^(1 + fc)™-"' ' 

k ^ k 

by Cauchy-Schwartz inequality, where the last series is convergent since m — m' < 
— 1. Therefore 

Y,\ck\{i + kr^'<c\m^y (56) 

k 

for some C > independent of (p. 

On the other hand, for all i,j^N with i+j < rn, there is some homogeneus non- 
commutative polynomial pi^ of degree i+j such that x'^T^ = pij{B, B'). Then, 
by (Iiai-dlTD, 

\{^k,x^Ti<t>),\<a^,{i + kr/' ^ Id (57) 

\e-k\<m 

for some Cij > independent of (j). 

Now suppose that cr > 0. By ((56)) . (|57|) and Theorem ll.lK ii). there is some 
Cj' j > independent of (f> and x so that 

\xr wTici>{x)\ < ixr5]i(^,,x^Ti</>).ii^,(x)i 

k 

k 

for all X. Hence ||'/'||sm < C"||(/>||^ym' for some C" > independent of (/>. 

Finally assume that cr < 0. By (l56l) . (|57p and Theorem 11.21 there is some 
Cj'j- > 0, independent of (j) and x, so that 



»TXa;)| < Y \{^k,x^n4>).\ \Mx)\ < CI, 
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for all a; if </) G Sa.cv and i + j is even, or (j) G 5o-,odd and i + j is odd. On the other 
hand, by (|56l). (|57p and Theorem II. 11 - (ii). there is some C-'^ > 0, independent of i 
and X, such that, like in (15^ 



for all a; 7^ if (/) G 5o-,odd and i + j is even, or G Sa.cv and i + j is odd. 
Therefore there is some C" > such that ||</'||5m^,^ < C'II^IIh""' fo'" 'i' ^ Sa.cv: 
and < C'll^llw;-' for all (j) G iS^.odd- □ 

As suggested by (pS)) . consider the mapping c = (c^) i— > S(c) = (d^), where c is 
odd and S(c) is even with 



(fc- l)(fc-3)---(^ + 2)2s 
{k + 2c7)(fc-2 + 2cr)---(^ + l + 2cr) 



/ce{^+i,£+3,... } 
for £ even, assuming that this series is convergent. 

Lemma 5.12. S defines a hounded map £f^, — ;> Cm,ev if m' — m > 1. 
Proof. By the Cauchy-Schwartz inequality. 



(fc~ l)(fc-3)---(^ + 2)2s 
(fc + 2CT)(fc-2 + 2cr)---(^ + l + 2cr) 



iidiic,„=sup y: \i n. , r_^^,:^^:::^:rMr: o_^ i^ia+^r 

^ fee{^+i/+3,... } 



<%/2isup V |cfe|(l+^) 



ke{i+i.i+z.... } 

1/2 

< \/2;||c||^2^supf Yl [l + k)-'-"' [1 + if 
^ ^fce{£+i,f+3,... } 

< V2;iicii,. [^(i + fcr 

where the last series is convergent since m — m' < — 1. □ 
Corollary 5.13. x^^ defines a hounded operator 5™^^^ — > 5™;,^ i/ 2m' > m + 5. 
Proof. Since 2m' > m + 5, there are mi, m2, ms > such that 

m' — ma > 1/2 , ma — m2 > 1 , 2m2 — mi > 1 , mi — m > 1 . 

Then, by Propositions 15.31 and 15. 4[ Lemmas 15.71 and I5.12[ and using the "Fourier 
coefRcients" mapping, we get the following composition of bounded maps: 

"-"o-.odd ^ ^'^CT,odd ^ -"-ma^odd ^ '-'■mg.ov ^ <^mi,ov ^ '^'^(T,cv ^ "-"ct.cv ■ 

By (j26p . this composite is an extension of the map x^^ : 5odd ^ D 

Question 5.14. The proof of Corollarv l5.13l is very indirect. Is it possible to prove 
it without using (1^51) and the perturbed Sobolev spaces? 

Corollary 5.15. x^^ defines a continuous operator S a, odd ^ Sa,cv 

Lemma 5.16. 5^ C S^, „ cv '^'^'^ 5™+^ C 5™^. continuously for m > 1. 
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Proof. Let us construct a sequence of naturals Mm ov/odd such that S^^^yJ^^^^"^ C 
a cv/odd continuously for all to. Like in the proof of Lemma we proceed by 

induction on m, with Mq^^^/^,^^ — 0. For to > 0, assume that the terms M„^_i^^^/^^^ 

are constructed. 

For (j> G C^, i + j < m with j > and a; e M, we have 

obtaining 

||0||5^,„<lir.0|l5;",- + ll0ll5™. 
But there are some C, C > 0, independent of (j), such that 



< C'\ 



with 



Mm,ev = Afm-l,odd + 1 • 



(59) 



For e C^j, and i, j and x as above, we have 

x'cji^^^x) < x'{T„<j)Y^-^\x) +2(j x'{x''^<j))^^~^\x) 



obtaining 

But, by Corollarv l5.131 there are some C, C > 0, independent of (f>, such that 



2|a|||x-Vll5-i <C 
< C'\ 



if 



Mm,odd > Mm~l,CY + 1 , 2Afm^odd > Mm-l,c-v + 5 . (60) 

The conditions ([55]) and (pD|) are satisfied with Mi ov = 1, Mi odd = 3 and 



M„ 



V /odd 



TO + 2 for TO > 2. 



□ 



Corollary 5.17. '^^'v/odd'"'''' '^™cv/odd continuously for all m, where 



M„ 



v/odd 



^ + f \'^M\'^^ + 3) + [crl j/ o- > anrf to is even 

2 



M„ 



Mm, odd — 



2 if a < and to is ewen , 

3m-l I [cr] ([cr] + 3) + [cr] i/ o" > and to is orfd 

if a < and to is orfrf . 



2 

5m4-l 
2 



+ in±i (Per] + 3) + [ct] i/ o- > anrf TO is odd 

5m+7 
2 



if (T < and to is odd . 
Proof. This follows from Lemmas 14.11 14.31 and 14.81 
Corollary 5.18. 5™ C 5™ continuously for all m, wtiere 

m' = TO + 3 + - — . 

Moreover C S^^ continuously. 

Proof. This follows from Lemmas 14.21 14.41 and 15.161 



□ 



□ 
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Corollary 5.19. Sa ^ S as Frechet spaces. 

Proof. This is a consequence of Corollaries 15.171 and 15.181 □ 

Now, Theorems 11.41 and 11.51 follow from Corollaries 15.171 and 15.181 and Proposi- 
tions ESI and [SH 



6. Perturbation of H on M+ 

More general perturbations of H can be obtained with conjugation of L by 
the operator of multiplication by functions which are defined and positive almost 
everywhere (with respect to the Lebesgue measure), like we did in Section 13.11 
with the function Ixj*^. We will only consider conjugations of the even and odd 
components of L separately, and acting on spaces of functions on R+ . This will be 
also enough for the application indicated in Section [TJ 

Let Lov/odd, or i(j,ov/odd: dcnotc the restriction of L to 5cv/odd- Since the 
function jxp'^ is even, there is an orthogonal decomposition L'^{R,\x\'^'^ dx) — 
L'^^(R,\x\'^°' dx) © Lqjjj(M, jxp'^ dx) as direct sum of subspaces of even and odd 
functions. Then Lev/odd is essentially self-adjoint in L'^^^^^^{M.,\x\'^'^ dx), and its 
self-adjoint extension £cv/oddi or ^o-^cv/odd, is obtained by restriction of C. We also 
get an obvious version of Corollary 1 1.61 for £ov/odd- 

Fix open subset U C M+ of full Lebesgue measure. Let 5ov/odd,;7 denote the 
linear subspace of C°°(R+) consisting of the restrictions to U of the functions in 
5cv/odd- The restriction to U defines a linear isomorphism 

'5ov/odd — Scv/odd,U ; (61) 

and a unitary isomorphism 

^cv/odd(ia> \^\'^ dx) - L\R+, 2a;2- dx) . (62) 

Let £ov/odd,c/, or Lc,^ev/odd,c/, denote the operator defined by Lev/odd on 5ev/odd,c/ 
via (|6ip . Let also 4>k,u = 4>k\u: whose norm in (IR_|_ , x^'^ dx) is I/V2 since (|62t is 
unitary. When [/ = M+, the notation 5ov/odd,+ , icv/odd.+ , or iCT,ov/odd.+ , and 0^,+ 
will be used. Moreover let /Ccv/odd.+: or /Co-.cv/odd.+ j be the self-adjoint operator in 
L^(M+, x^'^ dx) that corresponds to Lev/odd via 

Going one step further, for any positive function h G C^{U), the operator (of 
multiplication by) h defines a unitary isomorphism 

h : L^(R+, x^" dx) ^ L^(M+, x^^h-"^ dx) . (63) 

We get that ft.iev/odd,c/^~^, with domain hScv/odd,u^ is essentially self-adjoint 
in L^(M+, x^*^/!"^ dx), and its self-adjoint extension is /i>Cev/odd,+'i~^- Via (p^ 
and we obtain an obvious version of Corollarv 11.61 for hC^v /odd,+h^'^ ■ By 

using 



- h 

dx ' 



h' 



— ,h 

dx^ ' 



2h'4- + h" , (64) 
dx 



it easily follows that hL^^jaM.uh ^ is of the form ([T]) with /i e C^{U) and /2 G 
C{U). Then Theorem 11.71 is a consequence of the following. 

Lemma 6.1. For a > —1/2, a positive function h G C'^{U), and an operator P of 
the form ([1]) with fi G C^(U) and /2 G C{U), we have P ~ hL„^cv,uh~^ on hSev,u 
if and only if ([2]) and ([3]) are satisfied with some primitive Fi G C'^iJJ) of fi. 
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Proof. By §M 



rf2 (j 

h~'^Ph = -h-^^—r h + sx^~ 2h-^fi—h + /2 
ax^ dx 



sx^ 



= -^'h \'ih'— + h' 
ax'^ \ dx 

-2h^-2h-^hh' + f2 

dx 

= H~ 2{h-^h' + fi)4- - h^^h" ~ 2h-^fih' + /2 . 
dx 

So P — hLa-,ev,uh^^ if and only if 

h-^h' = ax-^ - fi , (65) 
/a = h-^h" + 2h-^h'fi . (66) 
The equality (p5|) is equivalent to and gives 

h-^h" = (ctx-1 - /i)2 - + /( . 

So, by dMl, 

/2 = (a.T-1 - /i)2 - + + 2{ax-^ - h)h 
= o{o - \)x-^ - f! - /{ . 
It follows that (|55|) and are equivalent to ([3]) and □ 

Remark 2. By (|64p . we get an operator of the same type if h and ^ is interchanged 
in (HD. 

Remark 3. By using (|64p with h = x^^ on M+, it is easy to check that £cr.odd,+ = 
xLi+a-,ev,+x~^ on iSodd,+ = xScv,+ for all c > ^1/2- So no new operators are 
obtained with the conjugation Lcr,odd,;7 by h. 

Remark 4. If /i is a rational function, then the function /a, given by is also 
rational. 

Remark 5. The term of P with ^ can be removed by conjugation, obtaining the 
operator H +a{a~l)x^^ , given by restricting i^o-, first to even functions and second 
to R+. In this way, we get all operators of the form H + cx~^ with c > —1/4. 



7. Examples 

7.1. Case where /i is a multiple of x^^. A particular class of ([T]) is given by 
the operators of the form 

P = H - 2cix-^ + C2X-^ (67) 
dx 

for ci,C2 G K. In this case, we can take Fi — cilogx. Then e^^ — ([3]) gives 
h = x°' with a = (T — ci, and ^ becomes caa;"^ = (a^ + a(2ci — l))x^'^ . Therefore 
Corollarv 11.81 follows from Theorem II .71 

Remark 6. According to Remark [21 we get an operator of the same type if x^^ and 
■J- is interchanged in (p7|) . 
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The existence of a G M satisfying ^ is characterized by the condition 

(2ci - 1)2 + 4c2 > . (68) 

Observe that (|68p is satisfied if C2 > min{0, 2ci}. In particular, we have the fohow- 
ing special cases. 

Example 7.1. Suppose that C2 = 0; i.e., P = H — 2cix~^ Thus P — Lci,cv,+ if 
ci > —1/2; however, this inequality is not required a priori. Then (j4]) means that 
a e {0, 1 — 2ci}, and ^ gives 

{ci if a — 

1 — ci if a = 1 — 2ci . 

In the case a = and a = ci, the condition ci > —1/2 is needed to apply Corol- 
lary [L8l In this case, Corollary 11.81 holds for P = Lci,ev,+ on Scv.+ , which is a 
direct consequence of the known properties of (Section 12.21 and Corollary 1 1.6p . 

Nevertheless, Corollary 11.81 gives new information in the case a — 1 — 2ci and 
(T = 1 — ci: we have a > —1/2 just when ci < 3/2 (ci < —1/2 is allowed!). When 
this inequality is satisfied. Corollary 11.81 states that P, with domain x^~^'^^ Scv.+ , 
is also essentially self-adjoint in L2(R+, a;^^^ dx); the spectrum of its self-adjoint 
extension V consists of the eigenvalues (4fc + 3 — 2ci)s (fc e N) with multiplicity one; 
the corresponding normalized eigenfunctions are V2 2^^^2^^02fc,+ ; and 'D°°{V) — 

Thus, when —1/2 < ci < 3/2, we have got two essentially self-adjoint operators 
in L2(R+,x2'^i dx) defined by P, with domains 5ev,+ and x^~'^'^^ ^ov,-!-, which are 
equal just when ci = 1/2. In particular, if ci = 0, these operators are defined by 
H with domains 5cv,+ and xScv,+ — '5odd,+- 

Example 7.2. Suppose that C2 = 2ci; i.e., P = H - 2cix^^ + icix^"^ . Then (g]) 
means that a e {1, — 2ci}, and ^ gives 



a 



1 -|- ci if a = 1 

— ci if a = — 2ci 



In the case a — 1 and cr = 1 + ci, we have cr > —1/2 if and only if ci > —3/2. 
When this inequality is satisfied, Corollary ll.Sl states that P, with domain xScv,+ , is 
essentially self-adjoint in (R+ , a;^'^'^ dx); the spectrum of its self-adjoint extension 

V consists of the eigenvalues {Ak -1-3-1- 2ci)s [k £ N) with multiplicity one; the 
corresponding normalized eigenfunctions are x(f>2k,+ ', and 'D°°{V) = xScv,+- 

In the case a — — 2ci and cr = — ci, we have a > —1/2 just when ci < 1/2. When 
this inequality is satisfied. Corollary 11.81 states that P, with domain x^^"^^ Scv.+ , is 
essentially self-adjoint in i2(M+,2;2^i dx); the spectrum of its self-adjoint extension 

V consists of the eigenvalues (4fc-|-l — 2ci)s (fc G N) with multiplicity one; the corre- 
sponding normalized eigenfunctions are \/2x~'^'^'-(j)2k,+ ] and 2?°° (7^) = x~'^'^^ Scv,+ - 

Thus, when —3/2 < ci < 1/2, we have got two essentially self-adjoint operators 
in L2(R+,a;2''i dx) defined by P, with domains xScv.+ and x '^'^^ i^ev.-i-, which are 
equal just when ci = —1/2. In particular, if ci = 0, we get again that these 
operators are defined by H with domains xScv.+ = Sodd.+ and Scv,+ - 
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7.2. Case where /i is a multiple of other potential functions. Suppose that 
/i = cx^ for c, r e R with r 7^ — 1. Given any cr > —1/2, now ([2]) becomes 

Moreover we can take Fi = ^^-rr- , obtaining 

according to ([3|) . Then Theorem 11.71 asserts that the operator 

P = H- 2cx''4- + (ria - l)x-^ - c^x^'' - crx'"'^ , 
ax 

with domain hScv.+ , is essentiaUy self-adjoint in L^(R+,e^^^ dx); the spectrum of 
its self-adjoint extension V consists of the eigenvalues (4fc -I- 1 4- 2(t)s [k £ N) with 
multiplicity one and normalized eigenfunctions \/2 h(j)2k,+ ', and the smooth core of 
V is hScv,+ - 

7.3. Case where /i is a multiple of g'/g for some function g. The operators 
of Section 17.11 can be generalized as follows. For an open subset U C IR.+ of full 
Lebesgue measure, take /i — eg' /g for c € M and some non-vanishing function 
g £ C'^{U). Given any a > —1/2, the equality (O gives 

/2 = cr(CT - l)x^^ - c(c - 1) ^ - C . 

9 9 

In this case, we can take Fi = cloglgj, obtaining h = x"^ by Q. Then 

Theorem 1 1 . 71 states that the operator 

P = H - 2c^ ^ + a{a ~ l)x-^ + cic - 1) ^ ~ , 
g dx 9-9 

with domain x°' Igl""^ 5ov,(7, is essentially self-adjoint in _L^(R_|_, \g\'^'^dx); the spec- 
trum of its self-adjoint extension V consists of the eigenvalues (4fc -|- 1 -|- 2a)s 
{k £ N) with multiplicity one and normalized eigenfunctions ^/2x'^ \9\~'^4'2k,u', and 
the smooth core of V is x'^ \g\^'^ Scv.u ■ This agrees with Corollarv 11.81 when g — x. 

Example 7.3. If we take g — cosx, which does not vanish on U = M+ \ (2N+ 1)-|, 
we get that, for any a > —1/2, the operator 

P = H -2c tanx 4- + crfcr - l)x"^ + c(c - 1) tan^ x - c , 
dx 

with domain x°" | cosx|^^/^ Scv,Ui is essentially self-adjoint in L^(M_|_, | cosxp^dx); 
the spectrum of its self-adjoint extension V consists of the eigenvalues {4:k + l + 2a)s 
{k £ N) with multiplicity one and normalized eigenfunctions \/2x'^\cosx\~'^(j)2k,u', 
and the smooth core of is x"' | cosx\~'^^^ Sc^.u- 

Similar examples can be given with other trigonometric and hyperbolic functions. 

Example 7.4. For g = e^, it follows that, for any cr > —1/2, the operator 

P = H -2c-^ + a(a ~ l)x-^ - <? , 
dx 

with domain x'^e"'^^ iSev,-i-, is essentially self-adjoint in (]R+ , e^"^^ dx) ; the spec- 
trum of its self-adjoint extension V consists of the eigenvalues (4fc + H-2CT)s {k £ N) 
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with multiplicity one and normalized eigenfunctions \f2x''e '^^/■^02fc,+ ; and the 
smooth core of V is z'^e"^^ iScv.+- 

Example 7.5. With more generality, for g — e^" (0 7^ n e Z) and any a > —1/2, 
the operator 

P = H - 2cna;"-i -1 + (j(cr - l)x-^ - c(c - l)^^^^^"-!) 

- c(n{n - + „2^2(«-i) j ^ 

with domain x'^e"'^^ Scv,+, is essentially self-adjoint in L^(IR_|., e^^^ dx); the spec- 
trum of its self-adjoint extension V consists of the eigenvalues {Ak + 1 + 2a)s 
{k e N) with multiplicity one and normalized eigenfunctions \/2a;'^e~^^ 4'2k,+ ] 
and the smooth core of V is x^e~'^^ Scv,+- 

7.4. Transformation of P by changes of variables. We can use arbitrary 
changes of variables to provide a larger family of essentially self-adjoint opera- 
tors whose spectrum can be described. For instance, the operator P on K+, given 
in Section [51 can be transformed into a differential operator on M with the change 
of variable x — logy, where now y denotes the standard coordinate of M+. Since 
dx/dy = 1/y = e~^, we get 

dy dx ' dy2 \dx'^ dx J 

So this change of variables transforms the operator P of (P) (on functions of y) into 
the operator 

Pi - -^"'"^ + - 2 ifiiele-- - A + 

(on functions of x), and transforms (R+ , e-^^^ dy) into L^{R+,e^^^'^'^''^e^ dx). 
Suppose that /i and /2 satisfy ^ for some cr > —1/2, and let h £ C'^{U) be defined 
by ® for some primitive Fi e C^iU) of /i. Let also V ^ {x £m. \ £ U ). Then 
Pi, with domain 

{/i(e^)./)(e^) I ./)e5ev,c/} CC2(-1/) , (69) 

is essentially self-adjoint in L-^(R, e^^^'^'^ ^e^ dx); the spectrum of its self-adjoint 
extension Vi consists of the eigenvalues (4fc -I- 1 -f 2a)s {k G N) with multiplicity 
one and normalized eigenfunctions h{e^)(j)2k,u {s^)', and the smooth core of Vi 
is 
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